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1. Introduction
A minimal submanifold is one of the main objects in Riemannian geometry. As a natural extension of minimal sub-
manifolds from the view point of variational calculus, Loubeau and Montaldo [8] introduced the notion of biminimal
submanifolds, which are critical points of the bienergy with respect to all normal variations. Minimal submanifolds are
biminimal, however, the converse is not true in general. In fact, many examples of non-minimal biminimal submanifolds
have been obtained in [6,9,10] and [13].
On the other hand, Lagrangian submanifolds are the most fundamental objects in symplectic geometry. The study of them
from the Riemannian geometric point of view was initiated in 1970’s (cf. [2]). In particular, minimal Lagrangian submanifolds
have attracted considerable attention from both geometric and physical point of view (cf. [5,14]). Some extensions of such
submanifolds, e.g., Hamiltonian minimal Lagrangian submanifolds also have been studied widely (cf. [11]).
In this paper, we investigate biminimal Lagrangian surfaces in 2-dimensional complex space forms. The main result is
the following:
Theorem 1. Let M2 be a biminimal Lagrangian surface in 2-dimensional complex space forms of constant holomorphic curvature 4 ,
where  ∈ {−1,0,1}. If the mean curvature is non-zero constant, then  = 1, i.e., the ambient space is the complex projective space
CP2(4), and moreover M2 is an open part of
π
(
S1
(√
9± √41
20
)
× S1
(√
11∓ √41
40
)
× S1
(√
11∓ √41
40
))
, (1.1)
where π : S5(1) → CP2(4) is the Hopf ﬁbration.
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Let M˜n(4) be a complex space form of complex dimension n and constant holomorphic sectional curvature 4 . The
curvature tensor R˜ of M˜n(4) is given by
R˜(X, Y )Z = {〈Y , Z〉X − 〈X, Z〉Y + 〈Z , J Y 〉 J X − 〈Z , J X〉 J Y + 2〈X, J Y 〉 J Z}, (2.1)
where 〈 , 〉 is the inner product and J is the almost complex structure of M˜n(4). It is well-known that any complete
and simply connected complex space form is isometric holomorphically to complex Euclidean space Cn , complex projective
space CPn(4) or complex hyperbolic space CHn(4) according as  = 0,  > 0 or  < 0. In this paper, we assume that
 ∈ {−1,0,1}. A submanifold of Ka¨hler manifolds is called Lagrangian if J interchanges the tangent and the normal spaces.
For recent results of Lagrangian submanifolds from the Riemannian geometric point of view, see [2].
Let Mn be a Lagrangian submanifold of complex space form M˜n(4). We denote by ∇ and ∇˜ the Levi-Civita connections
on Mn and M˜n(4), respectively. The formulas of Gauss and Weingarten are given by
∇˜X Y = ∇X Y + h(X, Y ), (2.2)
∇˜Xξ = −Aξ X + DXξ, (2.3)
respectively, where h, A and D are the second fundamental form, the shape operator and the normal connection. Since J is
parallel, we have
DX JY = J (∇X Y ), (2.4)
A JY X = − Jh(X, Y ) = A J X Y . (2.5)
Denote by R the Riemann curvature tensor of Mn . Then the equations of Gauss, Codazzi and Ricci are equivalent to
R(X, Y ; Z ,W ) = (〈X,W 〉〈Y , Z〉 − 〈X, Z〉〈Y ,W 〉)+ 〈[A J Z , A JW ](X), Y 〉, (2.6)
(∇¯Xh)(Y , Z) = (∇¯Y h)(X, Z), (2.7)
where X, Y , Z ,W are vectors tangent to M , and ∇¯h is deﬁned by
(∇¯Xh)(Y , Z) = DXh(Y , Z) − h(∇X Y , Z) − h(Y ,∇X Z). (2.8)
The mean curvature vector ﬁeld H is deﬁned by H = 1n traceh. The function |H| is called the mean curvature. If it vanishes,
Mn is called a minimal submanifold.
3. Biminimal submanifolds
Let f : (Mm, g) → (M˜, g˜) be a smooth map between two Riemannian manifolds. The tension ﬁeld τ ( f ) of f is a section
of the vector bundle f ∗T M˜ deﬁned by
τ ( f ) := tr(∇ f df )= m∑
i=1
{∇ fei df (ei) − df (∇ei ei)},
where ∇ f , ∇ and {ei} denote the induced connection, the connection of Mm and a local orthonormal basis of Mm respec-
tively.
The bienergy E2( f ) of f over compact domain Ω ⊂ Mm is deﬁned by
E2( f ) =
∫
Ω
g˜
(
τ ( f ), τ ( f )
)
dvg,
where dvg is the volume form of Mm (see [4]). Then E2 provides a measure for the extent to which f fails to be harmonic.
If f is a critical point of E2 over every compact domain, then f is called a biharmonic map (or 2-harmonic map). In [7], Jiang
proved that f is biharmonic if and only if
J f
(
τ ( f )
)= 0, (3.1)
where the operator J f is the Jacobi operator deﬁned by
J f (V ) := ¯ f V − R f (V ), V ∈ Γ
(
f ∗T M˜
)
,
¯ f := −
m∑
i=1
(∇ fei∇ fei − ∇ f∇ei ei ),
R f (V ) :=
m∑
i=1
RM˜
(
V ,df (ei)
)
df (ei),
where RM˜ is the curvature tensor of M˜ .
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Deﬁnition 2. (See [8].) An isometric immersion f : (M, g) → (M˜, g˜) is called a biminimal if it is a critical point of the
bienergy functional E2 with respect to all normal variation with compact support. Here, a normal variation means a variation
ft through f = f0 such that the variational vector ﬁeld V = dft/dt|t=0 is normal to M . In this case, M is called a biminimal
submanifold.
A submanifold is biminimal if and only if{¯ f H − R f (H)}⊥ = 0, (3.2)
where ⊥ means the normal part [8]. Clearly, minimal submanifolds and biharmonic isometric immersions are biminimal.
For recent study of biminimal submanifolds, see [6,9,10,13], for example.
4. PDEs of biminimal Lagrangian surfaces
In this section, we give the system of PDEs that biminimal Lagrangian surfaces in M˜2(4) should satisfy. We compute on
the open set that the mean curvature is non-zero.
Let {Ei} (i = 1,2) be a local orthonormal frame ﬁeld on M2 such that H|H| = J E1. It follows from (2.5) that
〈h(E1, E1), J E2〉 = 〈h(E1, E2), J E1〉 and 〈h(E2, E2), J E1〉 = 〈h(E1, E2), J E2〉. Therefore the second fundamental form takes
the form
h(E1, E1) = (a − c) J E1 + b J E2,
h(E1, E2) = b J E1 + c J E2,
h(E2, E2) = c J E1 − b J E2, (4.1)
for some functions a, b, c.
We put ∇E1 E1 = λE2 and ∇E2 E1 = μE2. By using (2.4), (2.8) and (4.1) we have that
(∇¯E1h)(E2, E2) = (E1c + 3bλ) J E1 − (E1b − 3cλ) J E2,
(∇¯E2h)(E1, E2) =
{
E2b + (a − 3c)μ
}
J E1 + (E2c + 3bμ) J E2,
(∇¯E1h)(E1, E2) =
{
E1b + (a − 3c)λ
}
J E1 + (E1c + 3bλ) J E2,
(∇¯E2h)(E1, E1) =
{
E2(a − c) − 3bμ
}
J E1 +
{
E2b + (a − 3c)μ
}
J E2.
Therefore (2.7) gives us
E1c + 3bλ = E2b + (a − 3c)μ, (4.2)
−E1b + 3cλ = E2c + 3bμ, (4.3)
E2(a − c) − 3bμ = E1b + (a − 3c)λ. (4.4)
From (2.6) we obtain
ac − 2c2 − 2b2 +  = −λ2 − μ2 + E2λ − E1μ. (4.5)
By the Gauss and Weingarten formulas (2.2) and (2.3) we have the well-known Chen’s formula (see [1, p. 273])
¯ f H =
2∑
i=1
{(
ADEi H Ei + (∇Ei AH )Ei
)− (DEi DEi − D∇Ei Ei )H + h(AH Ei, Ei)}. (4.6)
Suppose that M2 is biminimal. Then it follows from (2.1), (3.2) and (4.6) that
2∑
i=1
{−(DEi DEi − D∇Ei Ei )H + h(AH Ei, Ei)}− 5H = 0. (4.7)
Thus by comparing the components of J E1 and J E2 of (4.7), we obtain
−E1(E1a) − E2(E2a) + λE2a − μE1a + a
(−5 + (a − c)2 + c2 + 2b2 + λ2 + μ2)= 0, (4.8)
2(E1a)λ + 2(E2a)μ + a(E1λ + E2μ − ab) = 0. (4.9)
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If the mean curvature is non-zero constant, i.e., a is non-zero constant, then {Ei}, λ, μ, b, c are globally deﬁned on M2.
Under this condition, we shall solve the system of partial differential equations (4.2)–(4.5), (4.8) and (4.9).
Lemma 3. If a is non-zero constant, then λ = μ = b = 0 and c2 = 7±
√
41
4 .
Proof. Combining (4.3) and (4.4) leads to
E2a = aλ, (5.1)
which implies that λ = 0. Hence (4.2)–(4.5), (4.8) and (4.9) reduce to
E1c = E2b + (a − 3c)μ, (5.2)
E1b = −E2c − 3bμ, (5.3)
E1μ = 2c2 + 2b2 − μ2 − ac − , (5.4)
−5 + (a − c)2 + c2 + 2b2 + μ2 = 0, (5.5)
E2μ = ab. (5.6)
From (5.5), we obtain that  = 1. Differentiating (5.4) along E2 and using (5.6), we have
E2(E1μ) = 4bE2b + (4c − a)E2c − 2abμ. (5.7)
We differentiate (5.6) along E1 and use (5.3). Then, we get
E1(E2μ) = aE1b = a(−E2c − 3bμ). (5.8)
We compute [E1, E2]μ by two different ways. On one hand, from (5.7) and (5.8) we have
E1(E2μ) − E2(E1μ) = −4bE2b − 4cE2c − abμ, (5.9)
and on the other hand, by (5.6) and the fact that λ = 0, we obtain
(∇E1 E2)μ − (∇E2 E1)μ = −μE2μ = −abμ. (5.10)
Thus it follows from (5.9) and (5.10) that
bE2b + cE2c = 0. (5.11)
By differentiating (5.5) along E j ( j = 1,2), we get
2bE jb + (2c − a)E jc + μE jμ = 0. (5.12)
In particular in case j = 2, using (5.6) we have
2bE2b + (2c − a)E2c = −abμ. (5.13)
Put U = {p ∈ M2 | b = 0} and suppose that it is non-empty. We shall compute on U . Solving the system of (5.11) and
(5.13) for E2b and E2c, we obtain
E2b = −cμ, (5.14)
E2c = bμ. (5.15)
By substituting (5.14) and (5.15) into (5.2) and (5.3), respectively, we have
E1b = −4bμ, (5.16)
E1c = (a − 4c)μ. (5.17)
Also, we substitute (5.16), (5.17) and (5.4) into (5.12) in case of j = 1. Then, we get(
a2 + 6b2 + 6c2 + μ2 − 5ac + 1)μ = 0. (5.18)
Since b = 0 on U , (5.6) implies that points with μ = 0 are isolated, and hence (5.18) gives us
a2 + 6b2 + 6c2 + μ2 − 5ac + 1 = 0. (5.19)
Moreover, differentiating (5.19) along E1, we have
12bE1b + (12c − 5a)E1c + 2μE1μ = 0. (5.20)
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5a2 + 44b2 + 44c2 + 2μ2 − 30ac + 2 = 0. (5.21)
It follows from (5.5), (5.19) and (5.21) that μ is constant. However, this cannot occur on U by (5.6). Therefore U must be
empty, i.e., b = 0 on M2.
Thus, (5.2), (5.4) and (5.5) reduce to
E1c = (a − 3c)μ, (5.22)
E1μ = 2c2 − μ2 − ac − 1, (5.23)
−5 + (a − c)2 + c2 + μ2 = 0. (5.24)
By substituting (5.22) and (5.23) into (5.12) with j = 1, we obtain{
(a − 2c)2 + μ2 + 1}μ = 0,
which implies μ = 0. By (5.23) and (5.24) we have that c2 = 7±
√
41
4 . 
Proof of Theorem 1. By using Lemma 3, we see that the tangential part of ¯ f H vanishes and therefore M2 satisﬁes (3.1).
Consequently, it is biharmonic and hence locally represented by (4.63) in [12], which can be rewritten as an open part
of (1.1). 
6. The case of non-constant mean curvature
In this section, we give an example of biminimal Lagrangian surface of non-constant mean curvature. We need the
following existence theorem [3].
Theorem 4. Let (Mn, g) be an n-dimensional simply connected Riemannian manifold. Let σ be a symmetric bilinear TMn-valued form
on Mn satisfying
(1) g(σ (X, Y ), Z) is totally symmetric,
(2) (∇σ)(X, Y , Z) = ∇Xσ(Y , Z) − σ(∇X Y , Z) − α(Y ,∇X Z) is totally symmetric,
(3) R(X, Y )Z = (g(Y , Z)X − g(X, Z)Y ) + σ(σ (Y , Z), X) − σ(σ (X, Z), Y ).
Then there exists a Lagrangian isometric immersion x : (Mn, g) → M˜n(4) such that the second fundamental form h satisﬁes h(X, Y ) =
Jσ(X, Y ).
We consider the following autonomous system:
a′(x) = γ , (6.1)
γ ′(x) = −μγ + a(a2 + 2c2 + μ2 − 2ac − 5), (6.2)
c′(x) = (a − 3c)μ, (6.3)
μ′(x) = 2c2 − μ2 − ac − , (6.4)
where  ∈ {−1,0,1}. We take initial conditions as a(0) = γ (0) = 1, c(0) = μ(0) = 2. Then for suﬃciently small number t ,
there exist nowhere zero and non-constant solutions a(x), γ (x), c(x), μ(x) on (−t, t). We deﬁne the metric tensor g on
(−t, t) × R by
g = dx2 +
(
exp
x∫
μ(x)dx
)2
dy2, (6.5)
and a symmetric bilinear form σ by
σ(E1, E1) = (a − c)E1,
σ (E1, E2) = cE2,
σ (E2, E2) = cE1, (6.6)
where E1 = ∂x , E2 = 1exp ∫ x μ(x)dx∂y .
By (6.3)–(6.6), we ﬁnd that g and σ satisfy (1)–(3) in Theorem 4. Therefore there exists a Lagrangian isometric immersion
from ((−t, t) × R, g) to M˜2(4) whose second fundamental form is given by h = Jσ . Moreover, from (6.1) and (6.2), we
obtain that it is biminimal and of nowhere zero non-constant mean curvature.
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